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ABSTRACT

This work investigates the Johnson-Segalman fluid's magneto-
hydrodynamic (MHD) thin-film flow in lifting conditions on a vertical
surface. The basic equations of linear momentum and continuity that
govern the flow are reduced to an ordinary differential equation. To
solve the nonlinear differential equation that arises from the
mathematical modelling of the flow, we have used the Optimal
Homotopy Asymptotic Method and Homotopy Perturbation Method.
The effect of various non-dimensional parameters, such as the applied
magnetic field, Weissenberg number, and Stokes number, on the

velocity profile is elaborated through various graphs.
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1 | INTRODUCTION

Non-Newtonian fluids are used on a large scale in industrial and technological methods, and they
are gaining importance in scientific and research circles. Because of their many advantages, non-
Newtonian fluids are utilized in many engineering, industrial, and other high-tech fields. Paints,
toothpaste, shampoo, plastics, biological products, and various adhesive products are among the
industries that primarily use this field. The nonlinear relationship between the stress tensor and the
deformation rate essentially sets these fluids apart. Many fluids can be defined using different
models. One of the many important fluid modes that are widely used in manufacturing and
engineering is Johnson-Segalman fluid.

2 | LITERATURE REVIEW

Different characteristics are displayed by non-Newtonian Johnson-Segalman thin-film flow,
which was initially studied by [1]. Various fluid models could be used to explain the non-Newtonian
behavior of fluids. Many scholars are interested in the Johnson-Segalman fluid because it represents
the Maxwell and Oldroyd B fluids, two examples of classical Newtonian fluids [2]. Understanding
the dynamics of Johnson-Segalman fluid flow between two revolving cylinders, with a focus on
suction, is the main goal [3]. Understanding the properties of non-Newtonian fluids in rotating
systems is crucial for many processes, such as combining, pumping, and extrusion. [4] used Johnson-
Segalman fluids to study three distinct cylinder Poiseuille flows. This research could be useful for any
field that deals with non-Newtonian fluids, such as biological fluids, suspensions, and polymers. The
Johnson-Segalman fluid is attracting the attention of more researchers. [5] and [6] studied the
aforementioned fluid flow on surfaces that move vertically. [7] investigated the fractional Johnson-
Segalman fluid model when thin film flows along a vertical strip. [8] studied the steady state thin film
flow of Johnson-Segalman fluid on vertical cylinders under lifting and draining circumstances. The
non-Newtonian MHD fluid's behavior when a thin layer passes across a moving vertical belt is
examined by [9].

The MHD thin-film flow of Johnson-Segalman fluids on raised surfaces under lift conditions is
studied in the current work. For non-affine distortion, the Johnson-Segalman viscoelastic fluid model
was created [10]. Many researchers have used this non-Newtonian paradigm to examine and interpret
the spurt phenomenon [11], [12]. Research has been conducted on the issue, and researchers
frequently associate a spurt with a slide on the wall [13], [14]. This model was also used for peristaltic
flow by [15]. For the solution of integral equations, nonlinear and linear ordinary (partial differential
equations) that occur in applied science and engineering, many investigators have employed the
Adomian decomposition approach [16], [17], [18], [19]. In our instance, we additionally solve MHD

thin-film flow using the OHAM and HPM, which results in an infinite series result with easily known
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components. The OHAM and HPM offer an approximate solution to the nonlinear problem without
any simplification, in contrast to common approaches in previous literature, such as weak
nonlinearity and minor perturbation, which alter the physics of the problem as a result of such
simplification [20], [21].

This study makes a significant contribution to the field of non-Newtonian fluid dynamics by
investigating the Johnson-Segalman fluid's magneto-hydrodynamic (MHD) thin-film flow on a
vertical surface. The novelty of this research lies in its application to OHAM and HPM methods for
the solution of nonlinear differential equations arising from the Johnson-Segalman fluid model,
providing new insights into the behaviour of non-Newtonian fluids in complex systems.

The structure of this paper is as follows. The literature review is given in Section 2. The governing
equations of the Johnson-Segalman model are described in Section 3. The lift problem and flow
equation are covered in Section 4. The fundamental ideas of the OHAM and HPM, together with the
problem's solution, will be covered in Section 5. In Section 6, the problem's solution is covered. Section
7 provides the average velocity and volume flow rate. Section 8 presents our findings and discussion.
Section 9 presents the conclusion.

3 | FUNDAMENTAL EQUATIONS
The mathematical equations governing a non-compressible Johnson-Segalman fluid's MHD flow
are
divV =0, (1)
por=divT +pf+]xB, @)
where V = [u(x,y,2),v(x,y,2),w(x,y,z)] is the fluid's velocity vector, % is the material time

derivative, f is the body force per unit mass, and @ denotes the constant density of the fluid. The

formula for the force of Lorentz per unit volume is

J xB =[0, —oB2v(x), 0], 3)
T =—pl+S+2uD, @)
S+m|[>+SW —aD) + (W —aD)'S| =24D,  (5)

The symbols for current density are J, the magnetic field B, pressure p, identity tensor I, extra
stress tensor S, viscosities u and 7, relaxation time m, and slip parameter a are used in equations (4)
and (5). W stands to represent the skew-symmetric part of the velocity gradient, whereas D represents

the symmetric part, and they are defined as

W=_[L"+L],D=[L" + L] and L = grade V. (6)
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4 | PROBLEM STATEMENT

A thin layer of a non-compressible and non-Newtonian MHD Johnson-Segalman fluid flow [10]
is considered in this work. It is assumed that a wide belt is moving in the upward direction with a
constant speed. U, as shown in Figure 1. Fluid drains down the belt due to gravity in the form of a
thin film of uniform thickness §. Taking y-axis along the belt and x axis normal to the belt. The

following boundary conditions apply to the problem:

Tyy =0 At x =4, (free surface) (7)
v(x) = Uy, At x =0, (no slip condition), (8)
T,y Represents the Johnson-Segalman fluid's shear stress component. We consider the velocity
profile and the stress tensor in the form.
V=(0,v(x),0), T=T(x) )

After simplifying equation (2), the following equations [22] are obtained
LY 4 WAL — a?) [pWE(1 - a?) (ﬂ) LYy Bp—1) ( — WA - a®)? s, ( g
dx? € € dx) dx? dx dx2 t

M?v(x) (%)4]—21%2(1—612) [St (2)" + Mo (2 ] M2u(x) = S, (10)

where ¢ = uuTn represents the ratios of viscosities, W, = the Weissenberg number (A

6 7
Weissenberg number is the ratio of the relaxation time of the fluid to a characteristic time associated

65(3;) and perr = p + 1.

with the flow.) S; = :6 9_ the Stokes number, M2 =
efrU

The following boundary conditions apply to the problem:

dv
E—Oatx—o, (11)
v=1 atx =0. (12)

The Homotopy perturbation technique (HPM) and the Optimal Homotopy Asymptotic method
(OHAM) are currently used to solve the resulting ordinary differential equation with associated

boundaries.
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Fluid layer

Figure 3.1: Geometry of the problem

5 | FUNDAMENTAL IDEAS OF METHODS
5.1. Fundamentals of Optimal Homotopy Asymptotic Method (OHAM)

Consider a non-linear differential equation.
- < . - av
L(V(8))+g(®)+n(V(8)) =0, B(VZ)=0. (13)
The non-linear operator is denoted by N(V ( g)), the source term is g (8 ), the linear operator is L,
the unknown function is V(S), and the boundary condition is B.

Using the Optimal Homotopy Asymptotic Method (OHAM), we were able to obtain the

following.

av(sr)

@=L (VE))+g@N1 = HOL (V(Er)) + g(8) + N (VB )1 B (V(E.r). Zz2) = 0. (14)
The secondary function of H I understand that it is non-zero for r # 0 and that it is definitely
given forr = 0 (i.e.,H (0) = 0) forr = 0and r = 1. The expression for the inserting variable r €
[0,1] is
V(5,0) = U (8), ¥(5,1) = V(3). (15)
With r ranging from 0 to 1, the solution V(§,7) fluctuates between V,(8) and V(8). By adjusting
r = 0in Eq.(13) we obtain VO(S).
L(%(8)) +9(8) =0, B(V.22) =o. (16)
The auxiliary function, H (), can be written as
H@)=rci+1%c, + 13¢5+ - (17)
To determine the constants in this case, c;, ¢;, ¢3,..., Eq. (14) may be stated as
V(S, T, c,-) = VO(S) + ijl\vlj(s, ci) rl, i=12,.. (18)
After Comparable powers of r are analyzed, and Eq. (18) is substituted in Eq. (14), yielding the

system below.

L(¥.(8)) = e No (Vo(3)) , B (¥, %2) =o. (19)
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j-1 -
-~ dv
LT 8) = Tea 8D =6 (1) + Y. 2 (1®)) s (BB 06) - Tma B, ()
k=1
=0, j=1.2,.. (20)
In Eq. (20) the term N, (V, (5) A (S) A (8)) is the coefficient of r™ in the expansion of
N (V(E,7,c)) = No (Vo(8)) + Zjo1 NV (8). %1 (B), .. (B) 1, k=12, (21)

The results of Eq.(18) can be simply computed for V;(8),j = 0, meaning that the meeting is
completely dependent on the constants c;,c,,c3.... If it is convergent at r = 1, then Eq. (18) requires
V(8 ck) =V(8) + 221V (8, c0)- (22)
Equation (13)'s solution is typically represented as
V(8,c) =Vo(8) + X7, Vi(B,cr),  k=12,..,n. (23)

The residual is determined by inserting Equation (16) into Equation (23).
R(,c) = L(V(B,c)) +9(B) + N (V" (B.ci)), k=12...n (24)
When R(S, ck) = 0,i.e., At zero residual, we obtain the precise answer\\//”(s, ck), then if R(S, ck) *
0, that is, if the residual is greater than zero, we can reduce in this manner.
J(e) = [2 R? (w,¢)dx. (25)
With a and b being constants depending on the problem at together, the conditions can be utilized
to compute the unknown constants. ¢y, ¢y, c3, ..., and so on,

0, 1=12,..,n/. (26)

acl

Equation (16) can be used to determine the approximated solution once we have determined the
values of these constants. Furthermore, we apply the collocation strategy to estimate the value of the
unidentified constant: ¢y, ¢, C3, ....

5.2. Fundamentals of Homotopy Perturbation Method (HPM)

The mathematical structure of HPM may be ascertained by applying boundary conditions to the

non-linear differential equation.
. . 9j
4] =g(n);neﬂ.K(J,£),n6L (27)
I represents the domain border,K represents the boundary operator,C(j) is the differential

operator, and g(n) is an analytical function. Suppose that Equation (27) may be rewritten as follows.

HG) +N(G) = g(n). (28)
Using a Homotopy
a(n,h): Qx[0,1] » M, (29)

That fulfill
Ka(n,h) = (1 = W)[H() — H(w,) + h[C(a) = g(n)] = 0, (30)
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where h € [0,1] is an insertion operator, which is regarded as a tiny parameter, and wy is the main
estimate of equation (27). The homology method can be used to derive the series solution of equation

(30) as follows.

v = vy + hvy, + h%v, + -+, (31)

If h —» 1 equation (31) is used to obtain the approximate solution to Equation(30), then
jlo) = }lirqv = vy + hvy + h?v, + -, (32)

6 | SOLUTIONS OF THE PROBLEM

6.1. Solutions of the Problems Using OHAM

Using OHAM, the various component problems and their associated boundary conditions are
given below.

6.1.1. Zeroth Component Problems

The zeroth component problem of equation (10), as well as its associated boundary conditions,

are
(52)-s.=0, (33)
ve(0) =1, vy'(1) = 0. (34)

6.1.2. First Component Problems

The first component problem of equation (10), as well as its associated boundary conditions, are

(£2) - a*g2c,w? (‘“’0) (L2 + 20202, W (%)4 (L) - g2, Wy (‘“’") (L) +

dx? dx? dx dx? dx?

o (2 (55) - s () (62) - e (2 (52) roc (2) (52)-

dx? dx? dx? dx?

€ (22) - (220 + a*M2C, Wtvy () (‘“’0) — 2a2M2C, W, wo (x) (22 ) + M2C,Wivy (%) ("“’")4 +

s (2 st (22 s (52— (82
2M?Ci W2 vy (x) (‘Zv ) — 2a%C,SW? (dl;o) +2C, S, W2 (dl;o) + M2Cyvp(x) + C,S; + S, = 0

(35)
v1(0)=0, v;(1) =0. (36)

6.2. Solutions of the Problem Using HPM
Using HPM, the various component problems and their associated boundary conditions are given

below.
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6.2.1. Zeroth Component Problems

The zeroth component problem, as well as the associated boundary conditions, are
dv
(£2) 5= o

vo(0) =1, v,'(1) = 0. (38)

6.2.2. First Component Problems

The first component problem, as well as its associated boundary conditions, are

oo (22 (£2) et (21 (£2) + o ()1 (42) -

dx? dx dx? dx dx? dx dx?

st (42 () somwe () (£2) + atom (12 (52) o (2 (£2) -

dx? dx? dx dx? dx dx?

aMAWetvo () (dv ) +2a’ M2 Wetv (x) (dVO) — M?Wstvo (x) (%)4 a*S Wt (d';")4 +
2a%5,We! (dvo) - S Wt (dl;") + 2a2M2 W2, (x) (dvo) — 2M2W2v,(x) (d"")z +

2
2a2S, W2 (d”O) — 25,2 (52)" = M2uy(1)=0
171(0) = 0, Ull(l) = 0.

Table 1. Velocity profile by using the OHAM method, keeping W, = 0.001,¢ = 1.3,
a=05M=0.007,S; = 1.7.

26

(39)

(40)

x VoHAM Residual voyam

1 —4.548674951916675 x 10711

0.1 0.838498295058262 —2.902051528637849 x 10711
0.2 0.693996948735602 —2.383279663030479 x 10716
0.3 0.5664959013147015 3.681183804573403 x 10711
0.4 0.455995100103893 7.721360497256968 x 10711
0.5 0.36249449943712864 1.175628508862862 x 10710
0.6 0.2859940606739523 1.547776925106081 x 10710
0.7 0.22649375219947687 1.863374519364447 x 10710
0.8 0.1839935494243653 2.102808711628345 x 10710
0.9 0.15849343478481603 2.252072152591035 x 10710
1 0.1499933977425525 2.302758232298798 x 10710
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Table 2. Velocity profile by using the HPM method, keeping W, = 0.001,¢ = 1.3,

a=0.5M = 0.007,S, = 1.7.

x Vyem Residual vypy

0 1. 4.960761463384852 x 10710
0.1 0.8384982950365982 4.267880216275103 x 10710
0.2 0.6939969486968401 3.793644074653348 x 10710
0.3 0.5664959012626427 3.489101326076564 x 10710
0.4 0.4559951000416662 3.311324492168103 x 10710
0.5 0.3624944993672802 3.223243623597471 x 10710
0.6 0.28599406059853705 3.193621727777349 x 10710
0.7 0.22649375212014866 3.19696804701524 x 10710
0.8 0.1839935493424646 3.213469123634382 x 10710
0.9 0.15849343470146104 3.229022028009403 x 10710
1 0.14999339765872777 3.23514770528277 x 10710

Table 3. Absolute difference between OHAM and HPM solution keeping W, = 0.001

,¢ =13,a=0.5M =0.007,5, = 1.7.

VOHAM VypM Absolute difference

0 1. 1. 0.
0.1 0.8384982947890038 0.8384982950365982 2.475944727020618 x 10710
0.2 0.6939969482537215 0.6939969486968401 4.431186528819353 x 10710
0.3 0.5664959006674037 0.5664959012626427 5.952390247365713 x 10710
0.4 0.45599509933006155 0.4559951000416662 7.116047751054566 x 10710
0.5 0.3624944985684351 0.3624944993672802 7.988451011797793 x 10710
0.6 0.2859940597359656 0.28599406059853705 8.625714587040534 x 10710
0.7 0.22649375121277338 0.22649375212014866 9.073752860189188 x 10710
0.8 0.18399354840563786 0.1839935493424646 9.368267273046627 x 10710
0.9 0.15849343374798386 0.15849343470146104 9.534772971164784 x 10710

1 0.14999339669987022 0.14999339765872777 9.588575489161144 x 10710

7 | SHEAR STRESS, VORTICITY, VOLUMETRIC FLOW RATE, AVERAGE VELOCITY

7.1. Shear Stress

The shear stress that is applied to the belt's outside is produced by

dv
Tiylx=0 = U—
xylx-o 'udx

|x=0-

(41)




Acadenitians-GatgIRA:

By substituting the value, we have

Tyy(onam) = K (0. + ﬁ (—840S, + 0.9999873149863626(70M2(—12 + 4S,) + 28(—1 +
a?)SE(20M? + (—4M? — 10(—1 + ) (2 + 3¢))SOWZ — (=1 + a?)2SE(168M? + (—24M? — 168(—1 +
$2)SOVE))- (42)

Teycpmy = K (—M2 + ﬁst(—ztzoaz — 4M?) + 168(—1 + a?)S,(20M? + (—4M? — 10(—1 +
$)(2 + 3¢))SOW2 + S,(—10080a*$? + S, (7560a*p? + S,(—1008(—1 + a?)2M? — 2520a*$? +
(a*(—1008 + 144M? + 315¢2) — 6(—24M? — 168(—1 + $?)) — 12a%(24M? + 168(—1 +
PISONW) ) (43)

7.2. Vorticity

In lifting solving problems, Vorticity is

® =7xV="CrF (44)

When we substitute the value, we get

@ (onam = k(—0.0005952305446347397(~2 + x)x(70M?(2 — 2x)S; + 28(~1 +
a®)SF(LOM? (=2 + 2x) + (M*((=2 + x)x(2(=2 + x) + 2x) + (=2 + x)(1 + 2(=2 + x)x) + x(1 +
2(-24x)x)) = 5(=2 4 2x)(—1+ ¢)(2 + 3¢))SOW,2 — (=1 + a?)2SH(56M?(—1 + 2x)(3 + (-3 +
x)x) + 56M?(=3 + 2x)(1 + (=1 + x)x) + (M2((—2 + 2)x((—2 + x)x(15(—2 + x) + 15x) + (—2 +
)32+ 15(-24+x)x) +x(32+ 15(=2+x)x)) + (=2 +x)(6 + (=2 + x)x(32 + 15(—2 + x)x)) +
x(6+ (=2 +x)x(32+ 15(=2 + x)x))) — 56(—1 + 2x)(3 + (=3 + x)x)(—1 + ¢?) — 56(—3 + 2x)(1 +
(-1 4+ 20)%)(—1 + ¢p2)SHWH) + ﬁ (—2 + x)(840S, — 0.9999873149863626(70M2(—12 + (4 —
(=2 +x)x)S;) +28(—1 4 a®)SZ(10M? (2 + (—2 + x)x) + (M? (=4 + (=2 + x)x(1 + 2(—2 + x)x)) —
52+ (=2+x)x) (=14 ¢)(2 + 3))SHOWZ — (=1 4+ a?)2SF(56M?(3 + (=3 + x)x)(1 + (=1 + x)x) +
(M2(=24+ (=2 +x)x(6 + (=2 + x)x(32 + 15(—2 + x)x))) = 56(3 + (-3 + x)x)(1 + (-1 +

0)x) (=1 + ¢p2)SHWH) + ﬁx(BA}OSt —0.9999873149863626(70M2(—12 + (4 — (=2 + x)x)S,) +

28(=1+a?)S? (10M2(2 + (=2 +0)x) + (M?(=4 + (—2 + 0)x(1 + 2(-2 + 0)x)) =52 + (-2 +
0N (—1+ )2 +39)) S, )W — (—1+ a®)25¢ (56M?(3 + (=3 + 1)) (1 + (—1+x)x) + <M2 (—24+
(—2+20)x(6 + (-2 +x)x(32 + 15(-2 + x)x))) -56(3+ (=3+x)x)(1+ (-1+x)x)(-1+
#7)S0) W) 3)

@ppmy = ’k(—ﬁ(q +x) (—1680M2 —280(6 + M2(—=2+ (=2 + x)x))S; + 168(—1 +
) (—2(-1+a?)?M?(-1 + %)% + 5a*(1 + x(2 + (=3 + ) (=1 + x)x) )p?)SAW,* — 3(—1 + x)(8(-1 +
a®)?(-1+x)3(14+ M?2(—2+5(-2 + x)x)) — 7(16(—=1 + x)® — 32a%(-1 + x)® + 5a* (-1 + (-2 +
X)L+ (=2 +x)2x2))p2)SEW,* + 1120(—1 4+ x)SEW2((—1 + a)M?(—1 + x) + 3a*p?W2) +
56(—1 4+ x)SEW2(2(-1+ a®) (-1 +x)(M2(=2 4+ 3(=2+ x)x) + 5(2 + ¢ — 3¢?)) + 45a* (-1 + (-2 +

0X)$W2))).
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(46)
7.3. Volumetric Flow Rate
The following formula can be used to determine the volumetric flow rate of the withdrawal

process

Q = [ vdx. (47)

When we substitute the value, we get

Qeonam) = 1. — 0.3333291049954542M? + (—0.33333333333333337 +
0.13333164199818168M2%)S, + (—0.1333316419981817 + 0.1333316419981817a*)M*SEW,;2 +
(—0.1333316419981817 + 0.03809475485662334M? — 0.06666582099909085¢ +
0.19999746299727245¢* + a*(0.1333316419981817 — 0.03809475485662334M? +
0.06666582099909085¢ — 0.19999746299727245¢))SEW,* + (—0.028571066142467523 +
0.057142132284935046a% — 0.028571066142467523a*)M2SFW,* + (—0.028571066142467523 +
0.006349125809437215M% 4 0.028571066142467523¢2 + a?(0.057142132284935046 —
0.01269825161887443M? — 0.057142132284935046¢2) + a*(—0.028571066142467523 +
0.006349125809437215M?% + 0.028571066142467523¢2))SFW,*.

(48)

Quaipmy = 1 =5 + == 5,(336(=5 + 2M?) + S, W2(48(~1 + a>) (14M? + (—4M? + 7(2 + § —
3¢2))S,) + (—2520a*¢? + S,(2520a*P? + S, (—144(—1 + a?)>M? — 945a*p? + 2(8(—1 + a?)?(—9 +
2M2) +9(8 — 16a% + 7a*)?)S))W2)) . (49)

7.4. Average Velocity

The dimensional representation of the average velocity in a lifting problem-solving is expressed

as

V:% . (50)

In non-dimensional situations, the average velocity and flow rate are the same; therefore

Vionamy = 1. —0.3333291049954542M2 + (—0.33333333333333337 +
0.13333164199818168M?2)S, + (—0.1333316419981817 + 0.1333316419981817a*)M2SZW,? +
(—0.1333316419981817 + 0.03809475485662334M? — 0.06666582099909085¢ +
0.19999746299727245¢% + a?(0.1333316419981817 — 0.03809475485662334M? +
0.06666582099909085¢ — 0.19999746299727245¢%))SEW,2 + (—0.028571066142467523 +
0.057142132284935046a% — 0.028571066142467523a*)M2StW,;* + (—0.028571066142467523 +
0.006349125809437215M? + 0.028571066142467523¢* + a?(0.057142132284935046 —
0.01269825161887443M? — 0.057142132284935046¢2) + a*(—0.028571066142467523 +
0.006349125809437215M2 + 0.028571066142467523¢42))SPW,*.

(51)
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and

— 2
Viowmy = 1 — 5 + == Se(336(—5 + 2M2) + S,W2(48(—1 + a?) (14M? + (—4M2 + 72 + ¢ —
392))S,) + (—2520a%¢? + S,(2520a*p? + S, (—144(—1 + a2)2M? — 945a*p2 + 2(8(—1 + a?)2(—9 +

2M?) + 9(8 — 16a2 + 7a*)$?)S))W2)) . (52)

The equations of velocity and shear stress, etc., are essential for examining fluid motion and its
interaction with surfaces. Because of viscosity and boundary conditions, fluid particles' speeds inside
a flow field frequently vary with position, as described by velocity equations. The internal frictional
forces in a fluid caused by velocity gradients, especially in viscous flows, are measured using shear
stress equations. Understanding fluid behavior is crucial for maximizing performance and
guaranteeing structural integrity in engineering applications like pipe flow, lubrication systems, and
aerodynamics.

7 | RESULTS AND DISCUSSION

This paper investigates Johnson-Segalman fluid's magneto-hydrodynamic (MHD) thin-film flow
in connection to lifting problems on vertical surfaces. For each problem, the relevant boundary
conditions and differential equations are developed. The approximate analytical solutions for

problems are derived using OHAM and HPM.

(a) OHAM-based Solution (b) HPM-based Solution

Figure 2. The effect of S; on the velocity v(x) on the withdrawal case for

W,=12;¢=1;a=05M=16.
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(a) OHAM-based Solution (b) HPM-based Solution

Figure 3. The effect of W, on the velocity v(x) of the withdrawal case for
W, =18;S, =12,¢ =1;a = 0.5M = 1.6.

(a) OHAM-based Solution (b) HPM-based Solution

Figure 4. The effect of ¢ on the velocity v(x) of the withdrawal case for
S =12;W,=1,a=05M = 1.6,.

0.0 0.2 0.4 0.6 08 1.0
X

(a) OHAM-based Solution (b) HPM-based Solution

Figure 5. The effect of a on the velocity v(x) of the withdrawal case for

Se=12;,W,=1;¢ =0.5M = 1.6,.
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X

(a) OHAM-based Solution (b) HPM-based Solution

Figure 6. The effect of M on velocity v(x) of the withdrawal case for

S, =12;W,=1;¢ = 05;a = 1.6;.

(a) OHAM-based Solution (b) HPM-based Solution

Figure 7. The effect of S, on shear stress of the withdrawal case for

W,=12;¢ =1,a=05M = 1.6;

X

(a) OHAM-based Solution (b) HPM-based Solution
Figure 8. The effect of W, on shear stress of the withdrawal case for

Ss=12;¢p=1,a=15M = 1.6;
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0.0 02 04 0.6 0.8 1.0 , , , , , ,
0.0 0.2 04 0.6 0.8 1.0
’ (a)

X

OHAM-based Soluti
ased oolution (b) HPM-based Solution

Figure 9. The effect of ¢ on the shear stress of the withdrawal case for

S,=12;W,=12,a=15M = 1.6;

- M=16
M=1.8

251 M=1.8

0.0 02 04 06 08 10 00 02 04 06 08 10
’ (@) '
OHAM-based Solution (b) HPM-based Solution
Figure 10. The effect of M on the shear stress of the withdrawal case for

Se=12,W,=1.2;¢ =1;a = 1.5;

In this current study, we calculated approximate solutions to a nonlinear differential equation
containing various parameters, including. S;, W,, ¢ and a. Tables 1 and 2 highlight the velocity
profile obtained by OHAM and HPM, along with their residuals. Table 3 shows the absolute
difference between solutions obtained by OHAM and HPM. Figures 2 and 3 show that increasing the
slip parameter. S, and Weissenberg number W, decreases the velocity profile due to enhanced surface
resistance and fluid elasticity, respectively. Figures 4 and 5 indicate that an increase in the parameter
¢ and slip parameter a promotes higher velocities, as these parameters facilitate smoother fluid
movement along the film. Figure 6 reveals that the magnetic parameter M has a damping effect on
velocity due to the opposing Lorentz force. Figure 7 displays the result of the parameter S, on the
withdrawal problem's shear stress. Figure 8 displays the result of the parameter W, on the withdrawal

problem's shear stress. Figure 9 displays the effect of parameter ¢ on the withdrawal problem's shear
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stress. Figure 10 displays the effect of parameter M on the withdrawal problem's shear stress, and an
inverse relation is shown between S, , W,, ¢, M, and shear stress profile.
8 | CONCLUSION

In this study, a nonlinear differential equation was effectively solved using the Homotopy
Perturbation Method (HPM) and the Optimal Homotopy Asymptotic Method (OHAM). The
efficiency and precision of both approaches in capturing the nonlinear behavior of the system were
demonstrated by the derivation of analytical formulas for velocity, flow rate, shear stress, and
vorticity.

The findings provide insightful information about the flow properties and a helpful analytical
basis for additional theoretical research or real-world engineering applications. Future research might
concentrate on applying these techniques to more intricate geometries or adding more physical
phenomena like magnetic fields, thermal transfer, or unsteadiness. Thus, a potential paradigm for
addressing a broad class of nonlinear issues in fluid dynamics and beyond is presented by the
combination of OHAM and HPM.

These findings are widely applied in engineering and physical sciences to model complex systems
with high accuracy while avoiding the difficulties of purely numerical methods. The results derived
from these methods, such as velocity profiles, shear stress, and vorticity, have significant real-world
applications, particularly in fluid dynamics, material science, and thermal engineering. Future work
can explore more complex boundary conditions, additional physical effects, or numerical validation

of the results.
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