
Journal of Innovative Research in Mathematical and Computational Sciences                   Vol.4, Issue-2: (2025) 
https://jirmcs.agasr.org/index.php/jirmcs, pISSN: 3005-4281, eISSN: 3005-429X 
DOI: https://doi.org/10.62270/jirmcs.v4i2.47 

79 

 

O R I G I N A L  A R T I C L E   

 

Artificial Neural Network for Simulation of Friction 

Drag and Heat Transfer Enhancement in non-Newtonian 

Nanofluid flow over a Circular Cylinder: Non-similar 

Solution.   

Muhammad Shoaib  1, Muhammad Imran Khan  2, M. Israr-ur-Rehman  3 

 

A u t h o r s ’  A f f i l i a t i o n :  

1,2 Department of Mathematics 

and Statistics, FS, International 

Islamic University (IIU), 

Islamabad, Pakistan. 

Email: m.shoaib.info@gmail.com 
3School of Mathematics and 

Statistics, Central South 

University, Changsha, China 

Email: ibrarg1708@gmail.com 

 

A r t i c l e  H i s t o r y :  

Submitted: August 09, 2025  

Revised: December 14, 2025 

Accepted: December 19, 2025 

Published online: Dec 30, 2025 

 

C o r r e s p o n d i n g  a u t h o r ( s ) :  

M. Israr-ur-Rehman 

Email: ibrarg1708@gmail.com 

                                     A B S T R A C T  

The primary purpose of the investigation is to highlight the significance 

of artificial intelligence and machine learning techniques in engineering 

and fluid mechanics problems. With the advancement in Artificial 

Intelligence (AI) and Machine Learning (ML) techniques, the 

computational efficiency and accuracy of numerical results have 

enhanced. The present study aims to examine MHD boundary layer flow 

of Casson Nanofluids (CNFs) over a cylinder with thermal radiation 

effects. Tiwari and Das' model is used to develop a governing Casson 

nanofluid problem that contains nonlinear PDEs. ANN and numerical 

models are utilized to examine the effect of numerous physical 

parameters on heat and fluid transfer properties. The Keller-Box 

technique, a second-order accurate implicit finite difference scheme, is 

used to computationally solve the modified fundamental differential 

equations. However, the predicted solution is examined with MLP-ANN. 

An efficiency of the proposed model is examined with MSE, correlation 

index 𝑅, and the optimal curve fitness function. An optimal performance 

of MLP-ANN is examined with the computation of MSE [2.56 × 10−8, 

4.8 × 10−8, 4.42 × 10−8, 3.23 × 10−8 and 4.81 × 10−8] is attained against 

the epoch [1000, 608, 555, 822, and 787] for scenarios 1-5 with case 1. 

Graphs and tables illustrate how the Nusselt number (𝐺𝑟−
1

5 𝑁𝑢) and skin 

friction (𝐺𝑟
1

5𝐶𝑓) affect several physical variables related to the Casson 

nanofluid flow. One of the most important conclusions is that 𝐺𝑟
1

5 𝐶𝑓 

decreases and 𝐺𝑟−
1

5 𝑁𝑢 increases when the Casson parameter increases. 

 

K e y w o r d s :  Casson fluid, Thermal radiation, Artificial neural network, 

Implicit finite difference scheme. 

 

( M S C 2 0 2 0 )  C o d e s : 76A05, 80A20, 68T07,65M06     

 

 

https://jirmcs.agasr.org/index.php/jirmcs
https://doi.org/10.62270/jirmcs.v4i2.47
https://orcid.org/0009-0007-8996-0591
https://orcid.org/0000-0002-7882-3256


 80 

 

1 | INTRODUCTION 

Historically, fluid mechanics has collaborated with massive quantities of data from observations 

in the field, large-scale computational models, and tests. In fact, high-performance computational 

platforms and improvements in experimental measuring proficiencies have made big data a reality 

in fluid mechanics research over the last few decades [1],[2]. However, computational algorithms, 

predictive modeling, and domain knowledge have been heavily dependent upon in the processing of 

fluid mechanics data. Fluid mechanics problems ranging from reduced-order modeling, experimental 

data manufacturing, optimization, turbulence closure simulation, and control may all be tackled with 

a machine learning (ML) framework. There is a link between the development and applications of 

numerical methods to solve fluid dynamics equations in the 1940s and 1950s and the current change 

in scientific research from fundamental principles to data-driven approaches. Machine learning 

schemes can be beneficial for fluid mechanics, but it also poses obstacles that could lead to additional 

advancements in the field, complementing engineering intuition and human understanding [3]. It's 

critical to strike a balance between the excitement surrounding machine learning's potential and the 

fact that the subject of fluid mechanics is still developing and requires significant work. We also 

emphasize the advantages of using domain expertise in fluid dynamics to learning algorithms in this 

scenario. We see the fluid mechanics community playing a similar role to what the numerical 

techniques community did in the last century in contributing to ML advancements. 

 

 

Figure 1. Categorization of Machine Learning Algorithms. 

 

Artificial neural network also an important part of machine learning algorithms. ANNs possess 

the same structure as the neural architecture found in human brains. ANNs consist of several 

neurons. These neurons carry information from one part of ANNs to another part of ANNs via a 

special type of function known as an activation function. There are numerous types of ANNs, i.e., 

Perceptron, Feed-Forward Neural Networks (FFNN), Conventional Neural Networks (CNN), and 
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Feed-Back Neural Networks (FBNN). The applications of ANNs span a wide array of fluid dynamics 

challenges, including modelling boundary layer wind tunnel conditions, resolving issues related to 

viscous and thermal boundary layers, and addressing singular perturbation problems with thin 

boundary layers. Due to the wide range of applications of AI and ML, several researchers pay 

attention to understanding these techniques and applying them in fluid mechanics research. The wall 

pressure of turbulent boundary layer flow with ANNs was examined by [4]. The application of an 

active boundary layer had been examined by  [5]. They used ANN-based simulation techniques to 

find the approximate solution. The data driven approach used by [6] of ML to examine the velocity 

field of turbulent boundary layer flow. The applications of ANNs span a wide array of fluid 

mechanics challenges, including modelling boundary layer wind tunnel conditions, resolving issues 

related to viscous and thermal boundary layers, and addressing singular perturbation problems with 

thin boundary layers [7], [8]. An AI-based technique, ANNs with the LMS-BPNN approach used [9], 

to investigate the thermal analysis of MHD Casson fluid over a porous surface. [10] used the concepts 

of [9] to determine the smart solution of boundary layer flow. An ANN with backpropagation was 

applied to find an approximate solution of viscous fluid over a cylinder [11]. Similarly, [12] explained 

the application of ML in fluid mechanics. Additionally, [13] examined a large eddy simulation model 

with artificial neural network techniques. The entropy generation of MHD Cross-nanofluid with 

artificial neural networks investigated by [14]. Some other recent studies can be seen in [15], [16], [17], 

[18], [19], [20], [21], [22] and therein. 

Non-Newtonian fluid with convective heat transfer over a cylinder holds significant importance 

due to its wide range of applications in various fields, i.e., pharmaceuticals, chemical processing, 

cosmetics, food processing, like pasteurization and sterilization processes, ensuring food safety and 

quality, the petroleum industry, cooling tower, and nuclear reactor, etc. The wide range of these 

applications has motivated scholars to focus their attention on investigating the boundary layer flow 

of non-Newtonian fluid and convective heat transfer phenomena. There are different non-Newtonian 

fluid models have been developed so far, i.e., Carreau-fluid [23], Carreau-Yasuda fluid [24], Powell-

Eyring fluid [25], Williamson fluid [26], and Casson fluid model [27]. The interesting phenomena of 

mixed convection flow of micropolar fluid over a cylinder were analyzed by [28]. The numerical 

investigation of the boundary layer flow of non-Newtonian fluid over a cylinder was analysed by 

[29].  

The thermal characteristics of the fluid are enhanced with an increment of nanoparticles. In many 

common fluids, i.e., kerosene oil, water, ethylene glycol, etc., two different nanoparticles are used to 

structure hybrid nanofluids. The nanoparticles dispersed within the base fluids significantly boost 

the thermal conductivity of the hybrid fluid. This enhancement plays a key role in enhancing heat 
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transfer mechanisms, thus strengthening the fluid's applicability across various engineering and 

industrial applications. [30] investigated improved thermal characteristics in the flow of a hybrid 

nanofluid over a channel with graphene/𝐹𝑒3𝑂4 nanoparticles. The heat transfer analysis in unsteady 

MHD flow of ternary hybrid Casson fluid over an elongating disk with thermal radiation effects 

inspected by [31]. The MHD unsteady boundary layer flow of Casson hybrid nanofluid (HNF) over 

a porous shrinking/stretching sheet examined by [32]. The instability of tri-hybrid nanofluid over a 

porous medium with thermal radiation effects explored in study [33] . Other fascinating applications 

of thermal radiation with nanofluid can be found in ref. [34], [35], [36], [37], [38], [39], [40].  

2 | PROBLEM FORMULATION 

Convective boundary layer flow over a horizontal circular cylinder in two dimensions, 

incompressible, and in a steady state, for a non-Newtonian nanofluid based on carbon nanotubes and 

methanol, with a uniform surface heat flux. 𝑞𝑤.  Fig. 2 elaborates on the problem's physical 

configuration. The curvilinear coordinates  𝑥̃ 𝑎𝑛𝑑 𝑦̃ are measured along the cylinder's surface and 

distance normal to the surface, respectively. 

 

 

Figure 2. Flow geometry. 

 

Under the assumption of boundary layer approximation and an application of the Tiwari-Das 

model, the flow problem contains nonlinear Partial Differential Equations (PDEs). The following 

PDEs are defined [3], [5], [15], [31];  

𝜕𝑢̂

𝜕𝑥̂
+

𝜕𝑣̂

𝜕𝑦̂
= 0, (1) 

𝑢̂
𝜕𝑢̂

𝜕𝑥̂
+ 𝑣̂

𝜕𝑢̂

𝜕𝑦̂
= 𝑣𝑛𝑓 (1 +

1

𝛾
)

𝜕2𝑢̂

𝜕𝑦̂2
+ (

𝜒𝜌𝑠𝛽𝑠 + (1 − 𝜒)𝜌𝑓𝛽𝑓

𝜌𝑛𝑓
) 𝑔(𝑇 − 𝑇∞) sin (

𝑥̂

𝑎
) − 

𝛼𝑛𝑓𝐵0
2

𝜌𝑛𝑓
𝑢̂, 

(2) 
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(𝑢̂
𝜕𝑇

𝜕𝑥̂
+ 𝑣̂

𝜕𝑇

𝜕𝑦̂
) = 𝛼𝑛𝑓

𝜕2𝑇

𝜕𝑦̂2
+

16

3(𝜌𝑐𝑝)
𝑛𝑓

𝜎∗

𝑘∗
𝑇∞

3  
𝜕2𝑇

𝜕𝑦̂2
+ 

𝜇𝑛𝑓

(𝜌𝑐𝑝)
𝑛𝑓

(1 +
1

𝛾
) (

𝜕𝑢̂

𝜕𝑦̂
)

2

+
𝛼𝑛𝑓𝐵0

2

𝜌𝑛𝑓

(𝑢̂)2. 

(3) 

Boundary conditions for the proposed flow situation are; 

 𝑢̂(𝑥̂, 𝑦̂) = 𝑣̂(𝑥̂, 𝑦̂) = 0,
𝜕𝑇(𝑥̂, 𝑦̂)

𝜕𝑦̂
= −

𝑞𝑤

𝑘
,   at 𝑦̂ = 0 

𝑢̂(𝑥̂, 𝑦̂) → 0, 𝑇(𝑥̂, 𝑦̂) → 𝑇∞, as 𝑦̂ → ∞. 

(4) 

Tiwari-Das model for nanoparticles is [15]; 

𝛼𝑛𝑓

𝛼𝑓
= 1 +

3(𝜎 − 1)𝜒

(𝜎 + 2) − (𝜎 − 1)𝜒′
, 𝜎 =

𝜎𝑠

𝜎𝑓
,
𝑘𝑛𝑓

𝑘𝑓
=

(𝑘𝑠 + 2𝑘𝑓) − 2𝜒(𝑘𝑓 − 𝑘𝑠)

(𝑘𝑠 + 2𝑘𝑓) + 𝜒(𝑘𝑓 − 𝑘𝑠)
, 

𝜇𝑛𝑓 =
𝜇𝑓

(1 − 𝜒)2.5
, (𝜌𝑐𝑝)

𝑛𝑓
= (1 − 𝜒)𝜌𝑓 + 𝜒𝜌𝑠, 𝛼𝑛𝑓 =

𝑘𝑛𝑓

(𝜌𝑐𝑝)
𝑛𝑓

, 

(5) 

The dimensionless variables are addressed as follows [5]; 

𝑥 =
𝑥̂

𝑎
, 𝑦 = 𝐺𝑟

1
5

𝑦̂

𝑎
, 𝑢̅ = (

𝑎

𝜈𝑓
) 𝐺𝑟

1
5𝑢̂, 𝑣̅ = (

𝑎

𝜈𝑓
) 𝐺𝑟−

2
5𝑣̂, 𝜃̅ = 𝐺𝑟

1
5 (

𝑇 − 𝑇∞

𝑎𝑞𝑤/𝑘𝑓
),  (6) 

The dimensionless equations are obtained by applying equation (6) to differential equations (1 − 4). 

𝜕𝑢̅

𝜕𝑥
+

𝜕𝑣̅

𝜕𝑦
= 0, (7) 

𝑢̅
𝜕𝑢̅

𝜕𝑥
+ 𝑣̅

𝜕𝑢̅

𝜕𝑦
=

𝜌𝑓

(1 − 𝜒)2.5
(1 +

1

𝛾
)

𝜕2𝑢̅

𝜕𝑦2
+ (

𝜒𝜌𝑠𝛽𝑠

𝛽𝑓
+ (1 − 𝜒)𝜌𝑓

𝜌𝑛𝑓
) 𝜃̅ sin 𝑥 − 

𝜎𝑛𝑓𝜌𝑓

𝜎𝑓𝜌𝑛𝑓
𝑀𝑢, 

(8) 

(𝑢̅
𝜕𝜃̅

𝜕𝑥
+ 𝑣̅

𝜕𝜃̅

𝜕𝑦
) =

1

𝑃𝑟
(

𝑘𝑛𝑓

𝑘𝑓
+ 𝑅𝑑)

(𝜌𝑐𝑝)
𝑓

(𝜌𝑐𝑝)
𝑛𝑓

𝜕2𝜃̅

𝜕𝑦2
+ 

𝐸𝑐
𝜇𝑛𝑓

𝜇𝑓

(𝜌𝑐𝑝)𝑓

(𝜌𝑐𝑝)𝑛𝑓
(1 +

1

𝛾
) (

𝜕𝑢̅

𝜕𝑦
)

2

+ 𝐽
𝜎𝑛𝑓

𝜎𝑓

(𝜌𝑐𝑝)𝑓

(𝜌𝑐𝑝)𝑛𝑓

(𝑢̅)2, 

(9) 

 Boundary conditions are transformed as follows; 

𝑣̅ = 0, 𝑢̅ = 0,
𝜕𝜃̅

𝜕𝑦
= −1, at  𝑦 = 0, 

𝑢̅ → 0, 𝜃̅ → 0, as  𝑦 → ∞, 

(10) 

The dimensionless parameters appear in Eqns. (8-9) are; 𝑀 = (
𝜎𝑓𝐵0

2𝐺𝑟
−

2
5

𝜌𝑓𝜈𝑓
) is the magnetic 

parameter, 𝑅𝑑 =   
16

3

𝜎∗

𝑘∗𝑘𝑓
𝑇∞

3  is a thermal radiation parameter, 𝐺𝑟 =
𝑔𝛽𝑓(𝑇𝑤−𝑇∞ )𝑎3

𝜈𝑓
2  is the Grashof number, 

𝐽 =
𝜎𝑓𝜈𝑓𝐵0

2𝐺𝑟
3
5

(𝜌𝑐𝑝)
𝑓

𝑎𝑞𝑤/𝑘𝑓
  is Joule heating parameter, 𝐸𝑐 =

𝜌𝑓𝜈𝑓
2𝐺𝑟

(𝜌𝑐𝑝)
𝑓

𝑎3𝑞𝑤/𝑘𝑓
 is the Eckert number and Pr =

𝜈𝑓

𝛼𝐹
 is the 

Prandtl number. Because of their nonlinearity and numerous dependent variables, PDEs as specified 
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in Equations (7) through (10) are challenging to solve. Consequently, take into account the following 

transformations: 

𝑢̅ =
𝜕𝜓

𝜕𝜂
, 𝑣̅ = −

𝜕𝜓

𝜕𝜂
, 𝜓 =  𝜉𝑓(𝜉, 𝜂), 𝜃̅ = 𝜃̃(𝜉, 𝜂), and 𝜉 = 𝑥̅, 𝜂 = 𝑦̅, (11) 

Here 𝑢̅ =  
𝜕𝜓

𝜕𝜂
, and 𝑣̅ =  −

𝜕𝜓

𝜕𝜉
, 𝜓 is the stream function. We apply Eqn. (11) to transform Eqns. (7) −

(10) as follow; 

𝜌𝑓

(1 − 𝜒)2.5𝜌𝑛𝑓
(1 +

1

𝛾
)

𝜕3𝑓

𝜕𝜂3
− (

𝜕𝑓

𝜕𝜂
)

2

+ 𝑓
𝜕2𝑓

𝜕𝜂2
+ (

𝜒𝜌𝑠𝛽𝑠

𝛽𝑓
+ (1 − 𝜒)𝜌𝑓

(1 − 𝜒)𝜌𝑓 + 𝜒𝜌𝑠
) 𝜃̃

𝑆𝑖𝑛𝜉

𝜉
− 

𝜎𝑛𝑓𝜌𝑓

𝜌𝑓𝜌𝑛𝑓
𝑀

𝜕𝑓

𝜕𝜂
= 𝜉 (

𝜕𝑓

𝜕𝜂

𝜕2𝑓

𝜕𝜉𝜕𝜂
−

𝜕𝑓

𝜕𝜉

𝜕2𝑓

𝜕𝜂2
), 

(12) 

1

𝑃𝑟
(

𝑘𝑛𝑓

𝑘𝑓
+ 𝑅𝑑)

(𝜌𝑐𝑝)
𝑓

(𝜌𝑐𝑝)
𝑛𝑓

𝜕2𝜃̃

𝜕𝜂2
+ 𝑓

𝜕𝜃̃

𝜕𝜂
+ 𝐸𝑐𝜉2

𝜇𝑛𝑓

𝜇𝑓

(𝜌𝑐𝑝)
𝑓

(𝜌𝑐𝑝)
𝑛𝑓

(1 +
1

𝛾
) (

𝜕2𝑓

𝜕𝜂2
)

2

+ 

𝐽𝜉2
𝜎𝑛𝑓

𝜎𝑓

(𝜌𝑐𝑝)𝑓

(𝜌𝑐𝑝)𝑛𝑓
(

𝜕𝑓

𝜕𝜂
)

2

= ξ [
𝜕𝑓

𝜕𝜂

𝜕𝜃̃

𝜕𝜉
−

𝜕𝑓

𝜕𝜉

𝜕𝜃̃

𝜕𝜂
], 

(13) 

Boundary conditions in the form of new variables are; 

𝜕𝑓(𝜉, 𝜂)

𝜕𝜂 
= 0, 𝑓(𝜉, 𝜂) = 0,

𝜕𝜃̃(𝜉, 𝜂)

𝜕𝜂
= −1, at 𝜂 = 0, 

𝜕𝑓(𝜉, 𝜂)

𝜕𝜂 
→ 0, 𝜃̃(𝜉, 𝜂) → 0, as 𝜂 → ∞, 

(14) 

The flow outcomes are skin friction (𝐶𝑓) and Nusselt number (𝑁𝑢) are [5,18]; 

 𝐶𝑓 =
𝜏𝑤

𝜌𝑈∞
2

, 𝑁𝑢 =
𝑎𝑞𝑤

𝑘𝑓(𝑇𝑠 − 𝑇∞)
, (15) 

where 𝜏𝑤 is surface shear stress, 𝑞𝑤  is surface heat flux, and 𝑇𝑠 = 𝑇∞ + 𝜃̃(𝜉, 0)𝐺𝑟−1/5 𝑎𝑞𝑤

𝑘𝑓
/(

𝑘𝑛𝑓

𝑘𝑓
+ 𝑅𝑑) is 

surface temperature [19]: 

𝐺𝑟
1
5𝐶𝑓 =

1

(1 − 𝜒)2.5
(1 +

1

𝛾
) (𝜉

𝜕2𝑓(𝜉, 0)

𝜕𝜂2
)

𝜂=0

, 𝐺𝑟−1/5𝑁𝑢 = (
𝑘𝑛𝑓

𝑘𝑓
+ 𝑅𝑑) (

1

𝜃̃(𝜉, 0)
) (16) 

 

3 | NUMERICAL METHOD 

Non-linear PDEs (13-15) are numerically solved using the Keller-box technique, an implicit finite 

difference scheme. Subject to the boundary conditions (14). Some of the early studies that used the 

Keller-box approach to solve non-linear DEs and PDEs are found in works [27], [28], [29]. To obtain 

the numerical result for the system of equations, four crucial steps can be taken: 

I. The leading partial differential equations are first converted into first-order partial 

differential equations. 

II. Utilizing the central difference approximation and average values, rewrite the resultant 

equations. 
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III. Transformed the algebraic equations into matrix-vector form after linearizing them 

IV. The matrix equations are solved using the block-tridiagonal-elimination method. 

To transform the system of differential equations (12–13) into first-order differential equations, 

the subsequent variables are added, according to the boundary conditions (14). 

𝐹̌ = 𝑓, 𝜃̌ = 𝑠̌, , 𝑓′ = 𝑢̌, 𝑢̌′ = 𝑣, 𝑠̌′ = 𝑡̌,  (17) 

Then, the transformed equation becomes 

𝜉 [𝑢̌
𝜕𝑢̌

𝜕𝜉
− 𝑣

𝜕𝑓

𝜕𝜉
] =  𝐴𝑣′ + 𝑓𝑣 − 𝑢̌2 + 𝐶𝑢̌ + 𝐵𝑠̌

sin 𝜉

𝜉
, (18) 

𝜉 [𝑢̌
𝜕𝑠̌

𝜕𝜉
− 𝑡̌

𝜕𝑓

𝜕𝜉
− 𝜉𝐷𝑣2] =

𝐸

Pr
𝑡̌′ + 𝑓𝑡̌ + 𝐻𝑢̌2, 

(19) 

with boundary condition 

𝑓(𝜉, 𝜂) = 0, 𝑢̌(𝜉, 𝜂) = 0, 𝑡̌(𝜉, 𝜂) = −1, at 𝜂 = 0  

𝑢̌(𝜉, 𝜂) → 0, 𝑠̌(𝜉, 𝜂) → 0, 𝑎𝑠 𝜂 → ∞. 

 

(20) 

 

Figure 3. Net rectangle used for difference approximations 

 

Figure 2 displays the net rectangle under the 𝜉 and 𝜂 planes under consideration. Equation (21) 

specifies the net points. 

 𝜉𝑛  =  𝜉𝑛−1  +  𝑘𝑛, 𝑛 =  1, 2, . . . , 𝐼, 

𝜂𝑗  =  𝜂𝑗−1  + ℎ𝑗 , 𝑗 =  1, 2, . . . , 𝐽,   

𝑥0  =  0, 𝜂0  =  0, 𝜂𝐽  =  𝜂∞, 

(21) 
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where 𝑘𝑛 and ℎ𝑗 is the step size along 𝜉 and 𝜂 directions, respectively.  

𝜕(−)

𝜕𝜉
=

1

𝑘𝑛
[(−)𝑗

𝑛
− (−)𝑗

𝑛−1
],

𝜕(−)

𝜕𝜂
=

1

ℎ𝑗
[(−)𝑗

𝑛
− (−)𝑗−1

𝑛
], 

(−)
𝑗

𝑛−
1
2 =

1

2
[(−)𝑗

𝑛 + (−)𝑗
𝑛−1], and (−)

𝑗−
1
2

𝑛 =
1

2
[(−)𝑗

𝑛 + (−)𝑗−1
𝑛 ]. 

(22) 

Table 1: Comparison of the computed skin friction coefficient ( 𝐺𝑟
1

5𝐶𝑓) at various numerical 

values of 𝜉 when  Pr = 1 , 𝜒 =   𝑅𝑑 = 𝐽 =  𝐸𝑐 =  𝑀 = 0, and 𝛾 → ∞ with the results available in the 

literature. 

 

𝝃 Merkin et al. [3] Molla et al. [5] Present 

0.0 0.000 0.000 0.0000 
0.2 0.274 0.272 0.2726 
0.6 0.795 0.789 0.7925 
1.0 1.241 1.226 1.2371 
1.6 1.671 1.637 1.6642 
2.0 1.744 1.693 1.7393 
2.6 1.451 1.370 1.4392 
𝜋 0.613 0.585 0.5734 

 

Table 2: Comparison of the computed 𝜃(𝜉, 0)  at various numerical values of 𝜉 when  Pr = 1 , 𝜒 =

  𝑅𝑑 = 𝐽 =  𝐸𝑐 =  𝑀 = 0, and 𝛾 → ∞ with the results available in the literature. 

 

𝝃 Merkin et al. [3] Molla et al. [5] Present 

0.0 1.996 1.996 1.996 
0.2 1.999 1.999 1.998 
0.6 2.014 2.015 2.012 
1.0 2.043 2.047 2.042 
1.6 2.120 2.129 2.120 
2.0 2.202 2.216 2.203 
2.6 2.403 2.430 2.406 
𝜋 2.824 2.824 2.851 

 

3.1 Artificial Neural Network Design  

The objective is to apply the ANN scheme on a non-Newtonian nanofluid past a horizontal 

cylinder and analyse the flow behaviour and heat transfer phenomena. In Computational Fluid 

Dynamics (CFD), Artificial Neural Networks (ANNs) are a highly useful and efficient technique for 

the simulation of non-Newtonian flow behaviour. An ANN creates a Multilayered Perceptron (MLP), 

while an MLP is a network that connects various layers. For each variable, there are different 

algorithms of MLP-ANN. In MLP-ANN frameworks algorithm optimizes the data set with some 

mathematical functions, i.e., activation function. The MLP-ANN methods' prediction performance is 
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based on data optimization [30]. The network model has been trained to optimize data, and its 

accuracy in predicting algorithms has been studied. The network model is run to get the expected 

valuation once the MLP-ANN technique has trained. Figure 4 shows an essential flowchart utilized 

in the design of MLP-ANN systems. The Feed-Forward Neural Network (FFNN) and Back-

Propagation (BP) Multilayered Perceptual (MLP) network topologies are two of the most used in the 

proposed MLP-ANN approach because of their complex configurations. The first layer of the MLP 

system is known as the input layer; the second layer is known as the hidden layer; and the third layer 

is known as the output layer. In this network, a weighted neuron is entered (input) in the second 

hidden layer. The neuron signal then proceeded to the input layer and passed to the hidden layer 

with different topologies, a major component that makes decisions (output), after the hidden layer. 

In MLP, each layer is interconnected. Information transmitted forward from the input layer is 

returned to the hidden layer in a feed-forward network, which helps to minimize the difference 

between stated estimates and objective estimates.  

 

Table 3: Valuations of input parameters used in ANN models. 

Scenario                    Case Pertained parameter 

  𝑴 𝜸 𝑹𝒅 𝑱 𝝌 

1 

1 

2 

3 

4 

0.5 

1.0 

2.0 

3.0 

0.5 

0.5 

0.5 

0.5 

1.5 

1.5 

1.5 

1.5 

0.5 

0.5 

0.5 

0.5 

0.2 

0.2 

0.2 

0.2 

2 

1 

2 

3 

4 

0.5 

0.5 

0.5 

0.5 

0.5 

1.0 

2.0 

3.0 

1.5 

1.5 

1.5 

1.5 

0.5 

0.5 

0.5 

0.5 

0.2 

0.2 

0.2 

0.2 

3 

1 

2 

3 

4 

0.5 

0.5 

0.5 

0.5 

0.5 

1.0 

2.0 

3.0 

0.0 

0.5 

1.5 

2.0 

0.5 

0.5 

0.5 

0.5 

0.2 

0.2 

0.2 

0.2 

4 

1 

2 

3 

4 

0.5 

0.5 

0.5 

0.5 

0.5 

1.0 

2.0 

3.0 

1.5 

1.5 

1.5 

1.5 

0.0 

0.5 

1.5 

2.0 

0.2 

0.2 

0.2 

0.2 

5 

1 

2 

3 

4 

0.5 

0.5 

0.5 

0.5 

0.5 

1.0 

2.0 

3.0 

1.5 

1.5 

1.5 

1.5 

0.5 

0.5 

0.5 

0.5 

0.0 

0.2 

0.4 

0.6 

 

This investigation, which continues while the error rate is reduced, ends when the maximum 

prediction efficiency is attained, and MLP-ANN methods' training is finished. There is no known, 

reliable model that can predict the number of neurons in the hidden layer of multilayer perceptron 

(MLP) networks, so the MLP-ANN scheme with seven neurons in the hidden layer has been 
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demonstrated, and the predictive capabilities of MLP-ANN models constructed with different 

numbers of neurons have been investigated. Figure 5 shows the physical design of an MLP design. 

The MLP-ANN technique, which was used to forecast LNN, was developed using the 36 data sets, 

70% of the data used for training, 15% for validation, and 15% for testing. 

 
Figure 4. The flow diagram used to create MLP-ANN schemes. 

 

 
Figure 5. A network's MLP configuration design. 

 

The network models' output and hidden layers, respectively, make use of the Tan-Sig and Purelin 

[31] transport functions. The mathematical explanations of transport functions are as follows: 

𝑓(𝑥) =
1

1+𝑒−𝑥 , purelin(x) = x,  
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The next phase in the creation of MLP-ANN schemes is to analyze the prediction accuracy of 

models. The averaged relative error (ARE), mean square error (MSE), and coefficient of correlation 

(R) variables have been investigated with MLP-ANN techniques. A list of mathematical methods 

used to determine the efficacy factors is provided below. 

𝑀𝑆𝐸 =
1

𝑁
∑ (𝑋𝑡𝑎𝑟𝑔(𝑖) − 𝑋𝐴𝑁𝑁(𝑖))

2𝑁
𝑖=1 , (23) 

  

𝑅 = √1 −
∑ (𝑋𝑡𝑎𝑟𝑔(𝑖)−𝑋𝐴𝑁𝑁(𝑖))

2𝑁
𝑖=1

∑ (𝑋𝑡𝑎𝑟𝑔(𝑖))
2𝑁

𝑖=1

, 

(24) 

  

𝐸𝑟𝑟𝑜𝑟 𝑟𝑎𝑡𝑒 (%) = [
𝑋𝑡𝑎𝑟𝑔−𝑋𝐴𝑁𝑁

𝑋𝑡𝑎𝑟𝑔
] × 100. 

(25) 

 

Table 4: Analogous analysis with ANN for 𝐺𝑟
1

5𝐶𝑓 for scenario 1 of case 1-4. 

Scenario Case MSE Level Performance Gradient 𝑴𝒖 Epoch 

  Training Validation Testing     

1 

1 2.5615× 10−8 8.1585× 10−8 3.0847× 10−8 2.56× 10−8 5.18× 10−7 1.0× 10−9 1000 

2 3.3202× 10−8 6.3864× 10−8 7.6875× 10−7 3.32× 10−8 5.08× 10−5 1.0× 10−9 658 

3 2.7961× 10−8 5.9932× 10−8 2.1739× 10−7 2.8× 10−8 1.10× 10−7 1.0× 10−9 1000 

4 4.5717× 10−8 2.7831× 10−8 3.2710× 10−8 4.57× 10−8 4.86× 10−8 1.0× 10−8 564 

 

Figure 6(a). Performance of the ANN algorithm in terms of MSE. 
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Figure 6(b). Error Histogram of ANN Algorithm. 

 

 

Figure 6(c.). Linear regression of the ANN Algorithm. 
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Figure 6 (d). Fitness function maximum curve with ANN Algorithm. 

 

Figure 6 (a-d), graphical representation of the analysis of data for scenario 1 for case 1. 

Table 5. Analogous analysis with ANN for 𝐺𝑟
1

5𝐶𝑓for scenario 2 of case 1-4. 

Scenario Case MSE Level Performance Gradient 𝑴𝒖 Epoch 

  Training Validation Testing     

2 

1 4.7934× 10−8 3.0214× 10−8 3.4089× 10−8 4.8× 10−8 4.24× 10−5 1.0× 10−8 608 

2 1.1002× 10−8 2.7433× 10−8 1.3202× 10−8 1.10× 10−8 6.50× 10−8 1.0× 10−9 1000 

3 8.1496× 10−9 1.0128× 10−8 2.0306× 10−8 8.15× 10−8 4.19× 10−7 1.0× 10−9 1000 

4 1.6314× 10−8 1.0677× 10−8 8.3124× 10−9 1.63× 10−8 3.88× 10−8 1.0× 10−8 1000 

 

4 | RESULTS AND DISCUSSION 

The author focusses to scrutinize the flow situation of Casson nanofluid over a cylinder with 

thermal radiation (𝑅𝑑). The effects on flow response output are analysed against the parameters of 

interest, as shown in Table 3. The predicted solution is obtained with ANN based algorithm, i.e., MLP-

ANN. The pertinent parameters of interest are displayed in Table 3. Table 4 presents tabulated values 

of gradient, 𝑀𝑢, and MSE for scenario 1 for different cases 1-4. The performance of MLP-ANN is 

obtained 2.56× 10−8, 3.32× 10−8,  2.8× 10−8, and 4.5× 10−8 against epoch 1000, 658, 1000, and 564 for 

scenario 1 of case 1-4. Numerical values of 𝑀𝑢 and gradient for an approximate result of boundary 

layer characterizing non-Newtonian nanofluid and heat transfer are [1.0× 10−9, 1.0× 10−9 1.0× 10−9, 

1.0× 10−8] and [5.18× 10−7, 5.08× 10−5, 1.10× 10−7 and 4.86× 10−8] for scenario 1 of case 1-4, 

respectively.  
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Figure 7(a). Performance of the ANN algorithm in terms of MSE. 

  

 

Figure 7(b). Error Histogram of ANN Algorithm. 



93   

 

 

Figure 7c. Linear regression of the ANN Algorithm. 

 

 

Figure (7d). Fitness function maximum curve with ANN Algorithm 

Figure 7(a-d), graphical representation of the analysis of data for scenario 2 for case 1. 
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Table 6: Analogous analysis with ANN for 𝐺𝑟
1

5𝐶𝑓for scenario 3 of case 1-4. 

Scenario Case MSE Level Performance Gradient 𝑴𝒖 Epoch 

  Training Validation Testing     

3 

1 4.4277× 10−8 2.6340× 10−8 3.7080× 10−8 4.42× 10−8 1.81× 10−5 1.0× 10−9 555 

2 3.8873× 10−8 5.1095× 10−8 1.0836× 10−7 3.89× 10−8 1.97× 10−7 1.0× 10−9 1000 

3 2.8342× 10−8 4.6214× 10−8 1.1115× 10−7 2.83× 10−8 8.34× 10−7 1.0× 10−9 1000 

4 2.7624× 10−8 2.0703× 10−8 1.1659× 10−8 2.76× 10−8 6.47× 10−6 1.0× 10−9 976 

 

 

Figure (8a). Performance of the ANN algorithm in terms of MSE. 

 

In ANN, an error or cost function is defined that quantifies the difference between the actual 

outputs and predicted outcomes with MLP-ANN. A simple measure of the error is MSE. The training 

results of the designed ANN schemes are illustrated in Fig. 6(a) for scenario 1 of case 1-4. It can be 

observed that the MSE valuations, which are high in the initial stages of the training sections, reduce 

with higher values of epochs. Based on the function of the MLP model, MSE values are decreased 

when the number of iterations is increased, as a result training session of the ANN scheme vanishes 

as maximum accuracy is reached. 

 



95   

 

 

Figure (8b). Error Histogram of ANN Algorithm. 

 

 

Figure (8c). Linear regression of the ANN Algorithm. 
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Figure (8d). Fitness function maximum curve with ANN Algorithm. 

Figure 8(a-d) are graphically representation of the analysis of data for scenario 3 for case 1.   

 

Table 7: Analogous analysis with ANN for 𝐺𝑟
1

5𝐶𝑓for scenario 4 of case 1-4. 

Scenario Case MSE Level Performance Gradient 𝑴𝒖 Epoch 

  Training Validation Testing     

4 

1 3.2375× 10−8 2.9213× 10−8 3.1594× 10−8 3.23× 10−8 4.12× 10−6 1.0× 10−9 822 

2 1.5977× 10−8 1.0698× 10−8 1.6798× 10−8 1.6× 10−8 6.49× 10−7 1.0× 10−9 1000 

3 1.9874× 10−8 1.0466× 10−7 1.9619× 10−7 1.99× 10−8 9.10× 10−7 1.0× 10−8 1000 

4 1.1695× 10−8 1.0481× 10−8 1.4892× 10−8 1.17× 10−8 8.22× 10−8 1.0× 10−8 279 

 

Fig. 6(b) addresses the error histogram between the predicted value and the actual value of the 

numerical data of the proposed non-Newtonian nanofluid over a cylinder. However, it is obtained 

that numerical evaluations of error presented on the x-axis of plots are minor. The existing situation 

of data utilized in testing, training, and validation of ANN schemes is presented in Fig. 6(c). The 

outcomes of the ANN scheme are displayed on the y-axis and the target numerical values on the x-

axis. It is noted that there is minimal error observed in the closeness of data points of target and 

projected values. The fitted line close to the zero line indicates that the average error abruptly declines. 

The accuracy of an ANN is strongly correlated with R values that are nearly equal to 1. Furthermore, 

it must be noted that the R values are nearly equal to 1. In Artificial Neural Network (ANN), a function 

fit plot basically refers to the graphical representation of how the model outputs match the actual 

outputs during the training or testing phase. Fig. 6(d) visually evaluating the performance of the ANN 

model. When the graphs are researched, it is observed that the model-predicted output and the actual 

output are well matched, and the ANN model vanished at almost zero error-line. 
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Figure(9a). Performance of the ANN Algorithm in terms of MSE. 

a)  

 

Figure (9b). Error Histogram of ANN Algorithm. 
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Figure (9c). Linear regression of the ANN Algorithm. 

 

 

Figure (9d).  Fitness function maximum curve with ANN Algorithm. 
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Figure 9(a-d) shows graphically representation of the analysis of data for scenario 4 for case 1. 

 

Table 8: Analogous analysis with ANN for 𝐺𝑟
1

5𝐶𝑓for scenario 5 of case 1-4. 

Scenario Case MSE Level Performance Gradient 𝑴𝒖 Epoch 

  Training Validation Testing     

5 

1 4.8198× 10−8 2.8228× 10−8 4.4960× 10−8 4.81× 10−8 1.0× 10−7 1.0× 10−8 787 

2 6.3081× 10−9 4.9139× 10−9 5.2018× 10−9 6.30× 10−9 5.98× 10−7 1.0× 10−9 1000 

3 3.4320× 10−7 2.8151× 10−7 5.5761× 10−7 3.43× 10−7 5.98× 10−5 1.0× 10−8 439 

4 8.4458× 10−6 3.7325× 10−6 2.3956× 10−6 8.44× 10−6 1.0× 10−7 1.0× 10−8 176 

 

 

Figure (10a). Performance of the ANN Algorithm in terms of MSE. 

 

Table 5 presents the tabulated values of gradient, 𝑀𝑢, and MSE for cases 1-4 of scenario 2. The 

performance of MLP-ANN is achieved at 4.8× 10−8, 1.1× 10−8, 8.15× 10−8, and 1.63× 10−8 against 

epoch 608, 1000, 1000, and 1000 for cases 1-4 of scenario 2. The numerical values of 𝑀𝑢 and gradient 

for an approximate solution of boundary layer flow characterizing non-Newtonian nanofluid and 

heat transfer are [1.00× 10−8, 1.00× 10−9, 1.00× 10−9, 1.00× 10−8] and [4.24× 10−5, 6.50× 10−8, 

4.19× 10−7 and 3.88× 10−8] for cases 1-4 of scenario 2, respectively. Fig. 7(a) depicts the graphical 

representation of MSE for scenario 2. Fig. 7(a) displays the convergence of the proposed MLP-ANN 

model, and it is found that the accuracy is achieved at 10−8. The error histogram is displayed in Fig. 

7(b) between predicted and actual values of the proposed fluid model over a cylinder. The accuracy 

and validity of the predicted solution are computed to be 𝑒−6. The correlation index and linear 

regression for scenario 2 are presented in Fig. 7(c). When the value of the correlation index is close to 
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1, it shows the best-fitted model. It is noted in Fig. 7(c) that 𝑅 = 1. Fig. 7(d) demonstrates the optimal 

curve fitness function for scenario 2. It is also demonstrated that the optimal curve fitness function 

satisfies the boundary condition asymptotically. 

 

Figure (10b). Error Histogram of ANN Algorithm. 

 

Table 6-8 presents the tabulated values of gradient, 𝑀𝑢, and MSE for cases 1-4 of scenario 3-5. The 

performance of MLP-ANN is achieved at 4.42× 10−8, 3.23× 10−8,  and 4.81× 10−8 against epoch 555, 

822, and 777 for case 1 of scenario 3-5. The numerical values of 𝑀𝑢 and gradient for an approximate 

solution of boundary layer flow characterizing non-Newtonian nanofluid and heat transfer are 

[1.00× 10−9, 1.00× 10−7, 1.0× 10−8] and [1.97× 10−7, 4.12× 10−6 and 1.0× 10−8] for case 1 of scenario 

3-5, respectively. Fig. 8(a)-10(a) portray graphically representation of MSE for scenario 3-5. Error 

histogram is displayed in Fig. 8(b)-8(b), for scenarios 3-5, respectively. The correlation index and 

linear regression for scenarios 3-5 are shown in Fig. 8(c)-10(c). The optimal curve fitness function for 

scenario 3-5 is shown in Fig. 8(d)-10(d). Table 9 presents the detailed data analysis for the Nusselt 

number against different scenarios as mentioned in Table 3. 

 



101   

 

 

Figure (10c). Linear regression of the ANN Algorithm. 

 

 

Figure (10d). Fitness function maximum curve with ANN Algorithm. 
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Figure 10 (a-d) are graphically representation of the analysis of data for scenario 5 for case 1. 

 

Figure 11. Graphical representation of skin friction for different values of 𝑀. 

 

 

Figure 12. Graphical representation of skin friction for different values of 𝐽. 

The consequences of magnetic field intensity (𝑀) on drag force (𝐺𝑟
1

5𝐶𝑓) is displayed in Fig. 11. 

The drag force 𝐺𝑟
1

5𝐶𝑓 decreases due to the rise in magnetic field intensity. This phenomenon happens 

due to the Lorentz force that produces due to magnetic field intensity, which opposes the flow 

outcomes. Fig. 12 displays the impact of Joule heating parameter (𝐽) on 𝐺𝑟
1

5𝐶𝑓. In Fig. 12, it is observed 

that when the value of  𝐽 improves, as a result yield stress of the Casson fluid increases, which leads 

to a reduction in 𝐺𝑟
1

5𝐶𝑓. The drag force 𝐺𝑟
1

5𝐶𝑓 is analysed against Casson fluid parameter ′𝛾′ in Fig. 13. 

It is demonstrated that in Fig. 13, when the value of 𝛾 raises then 𝐺𝑟
1

5𝐶𝑓 decline. Fig. 14 elaborates the 

impact of the concentration of nanoparticles on 𝐺𝑟
1

5𝐶𝑓. The drag force shows improving behaviour 
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due to a rise in the value of 𝜒. The presence of nanoparticles in a fluid increases the resistance against 

the flow as a result 𝐺𝑟
1

5𝐶𝑓 growing behaviour. Fig. 15 represents the influence of thermal 

radiation (𝑅𝑑) on 𝐺𝑟
1

5𝐶𝑓. The thermal characteristics increase the flow outcomes, as noted in Fig. 15, 

when the value of thermal radiation improves as a consequence of the rise in momentum boundary 

layer. Therefore, we observe an increasing behaviour in 𝐺𝑟
1

5𝐶𝑓.  

 

 

Figure 13. Graphical representation of skin friction for different values of 𝛾. 

 

 

Figure 14. Graphical representation of skin friction for different values of 𝜒. 
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Figure 15. Graphical representation of skin friction for different values of 𝑅𝑑. 

 

Table 9: Analogous analysis with ANN for Nusselt number for scenarios 1-3 of case 1-4. 

Scenario Case MSE Level Performance Gradient 𝑴𝒖 Epoch 

  Training Validation Testing     

1 

1 8.1670× 10−9 9.2233× 10−9 7.0639× 10−9 8.16× 10−9 4.95× 10−7 1.0× 10−10 201 

2 1.8243× 10−9 2.6065× 10−9 3.1721× 10−6 1.82× 10−9 9.93× 10−8 1.0× 10−10 756 

3 4.9608× 10−9 1.5979× 10−8 5.7616× 10−9 4.96× 10−9 9.92× 10−8 1.0× 10−10 571 

4 1.2363× 10−8 1.0209× 10−8 7.7527× 10−9 1.24× 10−8 9.93× 8 1.0× 10−9 385 

2 

1 7.3210× 10−9 3.2178× 10−9 2.9109× 10−7 7.32× 10−9 7.17× 10−7 1.0× 10−10 279 

2 5.2315× 10−9 1.4571× 10−8 3.0750× 10−8 5.23× 10−9 9.98× 10−8 1.0× 10−10 833 

3 5.3517× 10−9 7.5757× 10−9 3.7313× 10−9 5.35× 10−9 4.75× 10−7 1.0× 10−10 529 

4 6.3610× 10−9 8.1870× 10−9 1.6661× 10−8 6.36× 10−9 9.72× 10−8 1.0× 10−9 352 

3 

1 7.2813× 10−9 4.0936× 10−8 2.4118× 10−8 7.28× 10−9 9.94× 10−8 1.0× 10−9 302 

2 6.2996× 10−9 8.9980× 10−9 1.7103× 10−8 6.30× 10−8 9.91× 10−8 1.0× 10−10 358 

3 8.8873× 10−9 3.6227× 10−9 2.5652× 10−8 8.88× 10−9 9.94× 10−8 1.0× 10−9 417 

4 9.5929× 10−9 5.6826× 10−9 2.7290× 10−9 9.55× 10−9 3.03× 10−7 1.0× 10−10 298 
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Figure 16. Graphical representation of Nusselt number for different values of 𝑀. 

 

 

Figure 17. Graphical representation of Nusselt number for different values of 𝐽. 

 

 

Figure 18. Graphical representation of Nusselt number for different values of 𝛾. 
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Figure 19. Graphical representation of Nusselt number for different values of 𝑅𝑑. 

 

Fig. 16 depicts the effects of 𝑀 on Nusselt number (𝐺𝑟−
1

5𝑁𝑢). It is noted that there is a decrease in 

the value of heat transfer when we face an enhancement in the value of 𝑀. This happens due to an 

increase in the value of the Lorentz force, which oppose transport properties of fluid and heat transfer 

in a circular cylinder. The consequences of the Nusselt number (𝐺𝑟−
1

5𝑁𝑢). Fig. 17 depicts the effect of 

𝐽 on the Nusselt number 𝐺𝑟−
1

5𝑁𝑢.  It is noted that when there is an increment in the value of 𝐽, we face 

an improvement in heat transfer 𝐺𝑟−
1

5𝑁𝑢. This behaviour is attributed to the fact that larger values of 

𝐽 correspond to increased shear stress of the Casson fluid, resulting in increased rheological effects. 

Fig. 18 displays the consequences of 𝛾 on the Nusselt number 𝐺𝑟−
1

5𝑁𝑢. It is seen that as 𝛾 increases, 

the yield stress of Casson fluid decreases, leading to decreases in 𝐺𝑟−
1

5𝑁𝑢 increases with higher values 

of 𝛾.  Fig. 19 represents the influence of thermal radiation 𝑅𝑑 on Nusselt number (𝐺𝑟−
1

5𝑁𝑢), it is 

evident that 𝐺𝑟−
1

5𝑁𝑢 exhibited a consistent increase with increasing value of the 𝑅𝑑.  

5 | CONCLUSION 

The present study examines the flow behavior of boundary layer flow of non-Newtonian 

nanofluid over a horizontal circular cylinder with thermal radiation impact. Numerical solution is 

evaluated with an implicit finite difference scheme (Keller-Box method). However, the predicted 

solution is computed with trained MLP-ANN simulation MATLAB software. The efficiency and 

accuracy of the trained MLP-ANN are simulated with gradient and 𝑀𝑢 for the proposed situations. 

The numerical values of 𝑀𝑢 and gradient for an approximate solution of boundary layer flow 
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characterizing non-Newtonian nanofluid and heat transfer are [1.00× 10−9, 1.00× 10−8, 1.00× 10−9,  

1.00× 10−9, 1.0× 10−8] and [5.18× 10−7, 1.81× 10−5, 1.97× 10−7,  4.12× 10−6 and 1.0× 10−7] for 

mention cases in Table 3 for the drag force. For Nusselt number, we have 𝑀𝑢 and gradient 

[1.00× 10−10, 1.00× 10−10, and 1.00× 10−9] and [4.95× 10−7, 7.17× 10−7, and 9.94× 10−8 ] respectively. 

The following important points are concluded from the flow observation of Casson nanofluid over a 

circular cylinder; 

▪ 𝐺𝑟
1

5𝐶𝑓 declines with the growing nature of the Casson fluid parameter 𝛾, while 𝐺𝑟−
1

5𝑁𝑢 

surges as 𝛾 improves. 

▪ 𝐺𝑟
1

5𝐶𝑓 and 𝐺𝑟−
1

5𝑁𝑢 shows a decreasing nature against the growing value of 𝑀. 

▪ 𝐺𝑟
1

5𝐶𝑓 and 𝐺𝑟−
1

5𝑁𝑢 increases as there is an improvement in the value of 𝑅𝑑.  

▪ 𝐺𝑟
1

5𝐶𝑓 surges with the growing value of 𝐽, while 𝐺𝑟−
1

5𝑁𝑢 reduces as the value of 𝐽 

upsurges.  
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